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We investigate two schemes of the quantum teleportation with a W state, which belongs to a 
different class from a Greenberger-Horne-Zeilinger class. In the first scheme, the W state is shared 
by three parties one of whom, called a sender, performs a Bell measurement. It is shown that 
quantum information of an unknown state is split between two parties and recovered with a certain 
, probability. In the second scheme, a sender takes two particles of the W state and performs positive 

f"^ ■ operator valued measurements. For two schemes, we calculate the success probability and the 

average fidelity. We show that the average fidelity of the second scheme cannot exceed that of the 
£SJ , first one. 

PACS numbers: 03.65.Bz, 03.67.-a, 03.67.Hk 
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I. INTRODUCTION 

^ : 

^ i Entanglement is considered to be a fundamental resource of quantum information processing such as quantum 
cryptography 0], quantum teleportation 0], quantum computation and so on. Since Bennett et aVs seminal 
work p| , there have been intensive works on the field of quantum teleportation in theories and experiments 0, 0, El • 
Entangled states, which are called quantum channels, make it possible to send an unknown state to a long distance. 

Quantum teleportation via bipartite pure entangled states can be classified into two types; standard teleportation 
(ST) and conclusive teleportation (CT) 0,0 El- Maximally entangled states, i.e. Bell states, are used as quantum 
channels in standard quantum teleportation. On the other hand conclusive teleportation utilizes any pure entangled 
""^5 | states. Due to the fact that non-maximally pure entangled states are used as quantum channels, the random outcome 
of sender's measurement determines whether an unknown state is teleported surely or not. 

Entanglement in three qubits is more complicated than that in two qubits. Recently, the entanglement of three 
qubits 0,0] was classified by separable, bi-separable, W, and Greenberger-Horne-Zeilinger (GHZ) states [T^ . IT3LIT^ . 
The GHZ class state cannot be transformed to the W class by the local operation and classical communication. 
Although many suggestion has utilized the GHZ state in q uantum teleportation 0, 0, and some proposals have 
suggested an implementation of the W state [Tl.lT9ll20ll2l| . the teleportation using the W class state has been studied 
\ in a few ways [221 ]. 

In this paper, we study two schemes of teleportation via a W state which are classified by two types of measurements. 
By calculating the total success probability and the average fidelity for each tele por tation scheme, we can explore 
the entanglement properties of W state. Because of the property of the W state [23|. it is shown to be not always 
successful in recovering of the unknown state. 

In the first scheme, Alice teleports an unknown state to Charlie with help of Bob. She performs the Bell measurement 
(BM) on the unknown state and her part of a W state. This scheme makes it possible to split and to recover quantum 
information of the unknown state in the teleportation. After Alice's BM, the quantum information of the unknown 
state is split between Bob and Charlie. Depending on Bob's measurement on his part of the W state, Charlie recovers 
the unknown state with a certain probability of success. 

In the second scheme, only Alice and Charlie participate in teleportation. She and he take two particles and one 
particle of the W state, respectively. Alice prepares a basis set of an unbalanced W state the positive operator valued 
measurement (POVM) 24] on her three particles including the unknown state in teleportation. This type of the 
measurement is called an asymmetic POVM because the measurement basis is the H^-type with unequal weights. The 
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asymmetric POVM is fully based on an original CT 0, where the measurement set is built from an orthogonality 
between a measurement basis and a channel. From calculation of success probability and average fidelity, we obtain 
the maximum values of the protocol, which can not exceed these of the previous scheme. 

The paper is organized as follows. In Sec.[Hj we briefly review quantum telcportation via the GHZ state. In Sec. lIIII 
we present two schemes of quantum teleportation with the W state. In Sec. IIVI the average fidelity of two schemes 
is calculated. Finally, in Sec. we make some remarks on our results. 



II. QUANTUM TELEPORTATION VIA GHZ STATES 

We start with a brief review of quantum teleportation with a GHZ state in Ref. [THl ITfij . It is similar to the ST with 
the Bell state, but three parties participate in quantum teleportation. Especially, Hillcry, Buiek, and Bcrthiaume 
emphasized quantum teleportation with the GHZ state as splitting and recovering of quantum information as a 
quantum secret sharing jl5| . 

Suppose Alice wishes to teleport an unknown qubit to Charlie with assistance of Bob. Alice begins with the 
unknown state 

\4>)u = a\z-)u + P\z+)u, (1) 

where \a\ 2 + |/3| 2 = 1 and z± are the outcomes (+ or — ) in measuring a z . Alice, Bob, and Charlie share the GHZ 
state given by 

|GHZ) = -L(|z_z_z_) + \z + z + z + )). (2) 

Alice combines the unknown state \<f>)u with her GHZ particle and performs the BM on her two particles. Before 
Alice's BM, the total state |*g H z) = \4>)u ® |GHZ)abc can be written in terms of Bell basis of her part 

I*ghz> = ~ [ \*+)uA{a\z-Z-) + P\z+z+)) + \9_) UA (a\z-Z-) - p\z+z+)) 

+ \$ + ) UA (p\z-z_) +a\z + z+)) + \$-) UA (j3\z-Z-) ~a\z+z+)) ], (3) 
where Bell basis states are given by 

\®±)uA = -^=(\Z-Z-)uA±\z+Z+)ua), 

\$±)uA = -j=(\Z-Z+)uA±\z+Z-)vA). (4) 

After Alice's BM, the total state is projected into one of four states in Eq. ©. It is interesting that quantum 
information of an unknown state is split between Bob and Charlie at this moment and recovered in Charlie's place 
by Bob's measurement and Charlie's unitary operation. 

Bob measures his GHZ particle in cc-direction and announces his outcome. With the information of two classical 
bits from Alice and one bit from Bob, Charlie can make a suitable unitary operation on his qubit to recover the 
original unknown state as follows 

\^+)ua\x+)b -> I, \^+)ua\x-)b -> o- 2 , 
\$+)ua\x+)b -> o- x , \$+)ua\x-)b -> a x o z , 

(5) 

\W-) ua \x + )b-+ o-z, \V-)ua\x-)b -»• I, 



\®-)ua\x+)b -> <r x & x , \$-)ua\x-)b o 



x • 



As a result, in the BM of Alice's part, the teleportation using the GHZ state is always in success. 

On the other hand, suppose Alice and Charlie wish to make teleportation via a GHZ state without Bob. Alice 
takes two particles of the GHZ state \GHZ) AA /c and Charlie the other one. Teleportation can be implemented if 
Alice changes her set of measurement from BMs to the GHZ-type measurement as follows, 

\^T Z )UAA- - ^=(\Z-Z-Z-)±\Z+Z+Z+)), 

\^) UAA , = i=(|z_z + z + )±|z + z_z_». (6) 
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If we use a notation \z~)a {\ z +)a) in the place of \z-zJ)aa> {\ z + z +) aa'), the protocol becomes exactly same as ST. 
Therefore, we are able to perform a perfect teleportation via the GHZ state. 

Furthermore, what about teleportation of a partially entangled GHZ state? In fact, Bandyopadhyay's work implies 
this problem in Ref. 8]. He introduced an assisted qubit, which has an equivalent coefficient to a partially entangled 
channel and Alice measures the unknown qubit with the assisted qubit and her channel qubit. The scheme shows a 
method of the teleportation via a partially entangled GHZ state. 



III. QUANTUM TELEPORTATION VIA W STATES 



A. Bell measurement 



A similar idea of quantum teleportation applies to the following W state 

\W) = -±= (|z+z_z_) + + |z_z_z+)) . (7) 

Alice also begins with an unknown state in Eq. (JIJ. Alice, Bob, and Charlie share the W state. Alice combines an 
unknown state with her W qubit and performs BM on these qubits. The basis vectors of Bell state operators in 
z-direction are represented by Eq. Q. Before Alice's measurement, the total state — \4>)u ® \W)abc can be 

expressed in terms of the Bell basis as follows 



\*+)ua{\z-)bW-)c + a\z+) c ) + \z + ) B {a\z^) c )} 
- \*-)ua{\z-)b(P\z-) c ~ a\z+) c ) ~ \z+) B (a\z-) c )} 
+ \*+) UA {\z-) B (a\z-) c + 0\z+) c ) + \z+) B (J3\z-)c)} 

+ \^) UA {\z-) B (a\z-)c - P\z+)c) ~ \z+) B (P\z-)c)} } ■ (8) 

After Alice's measurement, the total state is collapsed into one of the four states in Eq. JSJ. Unlike the ST with 
maximally entangled Bell state or with a GHZ state, probabilities of four outcomes depend on the unknown state. 
The probability p^ + that Alice's output state is \^+) is given by 

P* + = \ua{*+\*W)uabc\ 3 = iiJ^!-. (9) 

Also, probabilities of Alice's outcomes as |*_), |$+) and |$_) arc (1 + |a| 2 )/6, (1 + |/3| 2 )/6, and (1 + |/3| 2 )/6, 
respectively. 

Bob's measurement outcome dicides success or failure of teleportation. If Bob's outcome is z + , the teleportatioin 
fails. Otherwise, Charlie can do the following operation on his W qubit to get the unknown state according to Alice's 
information. 

\®+)ua\z-)b — * a x , \^-)ua\z-)b — > o- x (Tz, 
\$+)ua\z-)b -> I, \$-)ua\z-)b->-Vz- 

Recently, it has been proposed as a scheme of teleportation via a W state [25|. In fact, they have suggested two 
ways of teleportation which have different probabilities, but we have pointed out that two schemes give the same 
probability as 2/3, which does not depend on coefficients a and (3 of the unknown state [26|. 

When Alice has an outcome state 1^+), the probability that Bob measures an outcome z- is 1/(1 + |a| 2 ). When 
we define a probability pi (p2, Pz, Pi) as \b{z~\ua{^+\^w')uabc\ 2 (with the substitutions of ^ + by \f r _, <i> + , $-), 
the success probability of the scheme is given by 

psuc _ y p _ 2 i 1 + H 2 | 2 1 1 + |/3| 2 _2 
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On the other hand, probabilities of failed teleportation are given by 

Ps = \b(z + \ua(* + \*W)uabc\ 2 = 

•a? 



Pe = \b(z+\ua(^-\^w)uabc\ 2 
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Pi = \b{z + \ua^+\^)uabc\ 2 = 



where the total probability of failure is Pf^ = Y^i=5Pi = l/3< 

Even though the scheme does not perform POVMs 9], it can also be called a kind of CT by W states because a 
conclusive event occurs. The total success probability of teleportation is 2/3 in the scheme because the probability of 
z_ outcome of Bob is 2/3 [2(J. In fact, it is a natural conclusion that Bob's outcome decides whether the quantum 
channel between Alice and Charlie is entangled or not. 



B. Asymmetric W-type measurements 

Let us suppose only Alice and Charlie participate in quantum teleportation via the W state. Alice keeps two qubits 
of the W state and Charlie the other one. Although ST gives us a perfect teleportation via an EPR pair, we would 
like to compare a feature of teleportation by BM with that by POVM. Alice performs three-qubit POVMs on one 
qubit of the unknown state and her two qubits of the W state. Notice that the protocol of CT of a d-dimensional 
state with POVMs is developed in a way of making a conclusive event [jj. Similarly, we are able to perform a way of 
the POVMs without any loss of generality. 

The total state of the unknown state and the W state can be expressed in terms of the bases as follows 

W)UAA>C = \{ \A){a\z^)+P\z + )) + \4,' 2 ){a\z_)~P\z + )) 

+ \^){p\z.) + a\z + )) + |^)(/3|z-> - a\z+))}, (13) 

where the basis vectors are represented by 
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For Alice's POVMs, we consider unnormalized vectors \ip' j) to satisfy a condition of (ip'i\ipj) = <5y . Generally, there 

are three parameters in each l^'i) but the condition reduces to one parameter such as a or a'. The basis vectors of 
the asymmetric POVM are represented 

W 2IUAA' 
Ws)uAA' 
W i)uAA> 



a\Z-Z-Z^ 
a\z^Z-Z + ) 
a'|z+z_z+) 
a'\z + Z-Z + ) 



,v3 . . . -s/3, > 

+ (— - a)\z^z+zJ) + —\z+z-z-}, 



+ Cy ~ a )\ z - z + z -) ~ -y\ z + z - z -)> 
+ Cy - a)\z+z+z-) + -^-\z-z-z-), 
+ Cy ~ a')\z + z+z-) - ^|z_z_z_)). 



(15) 
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The proper POVM set {Mi} is defined by 

Mi = X asym \i)' i )(ij' i \, 

4 

m 5 = a 8x8 - = 



(16) 



where the real parameter A asy m > and * = 1, 2, 3, 4. The set of this POVM also satisfies positivity and completeness 
for any quantum state \tp ) as follows 



5> asym |(^)| 2 <l for V|V>- 



(17) 



For simplicity, let us assume that a is real and equal to a! . Since M§ should be a positive operator, a and A asym 
should satisfy one of the following conditions as Fig. 1. 



(i) < a < ^ < Aasym < 3 
%/3 



(ii) Y < a < Aasym < 



4a 2 - 2\/3a + § 



(18) 




FIG. 1: Parameter range of an asymmetric POVM (Eq. I18H 
We can easily calculate the probability Pi of each conclusive case and total success probability PI 

A 



sue 
asym 



Pi 



psuc 
asym 



(*^|Mi|*^}- 

4 

^ ^ Pi — -^asym — 



»asym 



(19) 
(20) 



with total failure probability P^ m — 1 — P^ m . Since A aS ym is at most 2/3 in Fig. 1, the optimal success teleportation 
with an asymmetric POVM is 2/3. 

As a result of two cases, although we optimize a parameter in Alice's part, total success probabilities of each scheme 
in quantum teleportation has a limit value of 2/3. Therefore, it can be characterized as a property of a W state when 
it is used in quantum teleportation. 
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IV. AVERAGE FIDELITY OF TELEPORTATION WITH W STATES 



In any protocol of teleportation, it is necessary to average the fidelity over all possible input states. The average 
fidelity reflects how much information is transferred to the teleported state. The teleported pure state of the density 
operator pi relies on the outcome i. The average fidelity is defined as 

T = \ /^5>(fi)/<(fi), (2i) 

i 

where fi(£l) — (<t>(Q)\p%\<t>(£i)) and an unknown pure state \(f)(Q)) is parameterized by a real vector £1 in the parameter 
space of volume V 27}. In the CT, we separate the average fidelity into two parts for easy calculation as follows 

-y r 771 n-\-m 

T = Tcon+T mc = - j dfl[j2+ Yl ( 22 ) 

i—1 i—m+1 

where m and n are the total numbers of conclusive events and inconclusive events. 

To understand protocols clearly, we make a comparison of average fidelity in each case of quantum teleportation of 
the BM (III A) and the asymmetric POVM (III B). Although Eq. (|2*2*|) contains integration of probability pi{Vt) is 
independent of fi and y J d£lfi(£l) is 1 for conclusive event and 1/2 for inconclusive event. 

For the case of the teleportation by the BM, the success probability pi (i — 1, 2, 3, 4) in Eq. Ijllfl is 1/6 and the sum 
of the failure probability pi (i = 5,6, 7,8) in Eq. I|12(l 1/3. Then, the average fidelity in the BM is 

4 1 8 15 

^eii = Ee-i + Ef-Tg- (23) 

i—1 i—5 

In the teleportation by an asymmetric POVM, the success probability of each conclusive event is A asym /4 with 
fidelity 1. The average fidelity is 

4 A 111 5 

asym = ^ ^~ • 1 + (1 — A aS ym) ' - = - + TJ'Wm g- (24) 



i=l 



Since A asym is smaller than 2/3, the maximal average fidelity is also 5/6 as a limit of the BM. Therefore, the method 
of the BM provides the maximum value of average fidelity as well as that of success probability between two types of 
teleportations via a W state. 



V. REMARKS 



We have shown two schemes of quantum teleportation of an unknown qubit via a W state taking into account two 
kinds of Alice's measurements. In the first protocol, after Alice performs Bell measurements on the unknown state 
and her channel state, the information of the unknown state is split between Bob and Charlie. But recovering of the 
unknown state is not always successful unlike the quantum teleportation with a GHZ state. The second scheme of 
quantum teleportation is based on POVMs in Alice's part. We have also calculated the maximal success probability 
and the optimal average fidelity for each scheme. The maximum values of success probability and average fidelity 
are 2/3 and 5/6. Since average fidelity 5/6 is greater than 2/3, the W state can be used as a channel in quantum 
teleportation. Therefore, W states are not particularly better for quantum teleportation than GHZ states. 

Even though we can obtain same values of the success probability and the fidelity for each scheme, we would like 
to comment that the amount of classical communication is different in each case. The teleportation protocol via the 
W state by the BM needs three classical bits to achieve a successful teleportation, but the schemes by asymmetric 
POVM require three bits with consideration of a failure notice to a receiver. 

Finally, we note a scheme of teleportation using a W state of different amplitudes as follows 

\^w) — a\z-Z-Z + ) + b\z-Z + Z-) + c\z+Z-Z-) , (25) 

where \a\ 2 + \b\ 2 + |c| 2 = 1. Following the schemes shown in Sec. IIII A1 we can easily guess a protocol of the BM 
from l^ffyy) = \4>)u <8 \^w)abc- If Bob's measurement results in Charlie also obtains a teleported state with a 
certain probability. On the other hand, if we consider quantum teleportation with the POVM, even in a simple case 
of | a | = |c| and \a\ ^ \b\, it seems to be difficult to find a POVM set. 
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